82                   INTRODUCTION TO HIGHER ALGEBRA
DEFINITION. A system consisting of a set of elements and one ruh of combination, which we will denote by o, is called a group if the following conditions are satisfied :
(1)   If a and I are any elements of the set, whether distinct or not, aob is also an element of the set.*
(2)   The associative law holds ; that is, if a, I, c are any elements of the set,                        (aob)oc = ao(boc).
(3)   The set contains an element, i, called the identical element, which is such that every element is unchanged when combined with it,
(4) If a is any element, the set also contains an element ar, called the inverse of a, such that
Thus, for example, the positive and negative integers with zero form a group if the rule of combination is addition. In this case zero is the identical element, and the inverse of any element is its negative. These same elements, however, do not form a group if the rule of combination is multiplication, for while conditions (1), (2), and (3) are fulfilled (the identical element being 1 in this case), condition (4) is not, since zero has no reciprocal.
Again, the set of all real numbers forms a group if the rule of combination is addition, but not if it is multiplication, since in this case zero has no inverse. If we exclude zero from the set, we have a group if the rule of combination is multiplication, but not if it is addition.
As an example of a group with a finite number of elements we mention the four numbers
+1, -i, +V^T, ~v~=n:
with multiplication as the law of combination.
In order to get an example of a group of geometrical operations, let us consider the translations of a plane, regarded as a rigid lamina, in the directions of its own lines. Every such translation may be represented both in magnitude and in direction by the length and
* A system satisfying condition (1) is sometimes said to have "the group property," In the older works on the subject this condition was the only one to be explicitly mentioned, the others, however, being tacitly assumed.